ON THE STABILITY OF PERMANENT ROTATIONS
OF A QUASI-SYMMETRICAL GYROSTAT

(0B USTOICHIVOSTI PERMANENINYKH VRASHCHENII
KVAZISIMMBTRICENOGO GIROSTATA)

PMM Vol.28, N 1, 1964, pp.164-166

A, ANCHEV
{Sofia, Bulgaria)

{Received October 4, 1963)

Sufficlent conditions for the stability of permanent rotations of & heavy

symmetrical gyrostat were obtalned in [1]. Some sufficient conditicns are
described below.

We consider the motion of a steadily spinning gyrostat with one fixed
point ¢ . The polnt (0 1is taken as the origin of a fixed rectangular
system of coordinate axes 0gn{ , wilth the axls 0f directed upwards. A
moving rectangular coordinate system Oxyz with orlgin 0 1s rigidly at-
tached to the solild portion of the gyrostat. The axes Oxyz coinclde with
the principal axes of inertia, the corresponding moments of inertia about
axes x, y gnd z belng 4, B and ¢ , respectively.

1. Let the ellipsoid of inertia be an ellipsoid of rotation with 4#5=C.
In this case the motion of a heavy gyrostat with one fixed point 1is described
by the system of equations

d
A a—i’i- + gc — rb = P (24Ys — Yo¥s)- ‘.lgti = 2 — qTs 1.1
B%%+(A-—B)?‘P'f'm——Pc:P(xoTs-—z,'rl), % = pYs— Yy
ar = dys
B - —(A—B)pg+ pb— qe =P (o1 — 7T, 2 = qT1— PTa

Here P 1s the welght of the gyrostat; x,, yo and z, are the coordinates
of its center of gravlity ¢ ; ps, ¢ and r are the components of the angular
velocity w on the moving axes; a, b and ¢ are the components of the gyro-
static moment K ; v;, Y and y; are the directlon cosines of the axls 0¢
with respect to the moving axes. The equations of motion {1.1) possess the
particular solutlon

T = a = 0, Po=0, n = + V (ays — bzg)® + (czq —az,)? (1.2)
—_ P azy — P
Y“zﬂ=a~—-—-—~yonbxot 90=“?Bf TOS=Y=“‘"—"—'——zoncxov rl):—:“'q‘r

describing the permanent rotation of the gyrostat. Here a, B and y are
the direction cosines of the permanent axis of rotation. To each gign of n
there corresponds a semi-infinite straight line, which may serve as the
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permanent axis when 1t is directed vertically upwards. We take the motion
gesciibed by (1.2) as the unperturbed state and investigate its stability,
etting

=8, g=go+% r=r+k T1i=Mm T=0p4+n, Ts=71T+ N

in (1.1), we obtain the equations for the perturbed motion, which possess
the first integrals

Vi=AE% 4+ B €24 B 4 2q082 + 2r89) + 2P (s + yola + ZMy) = comst
Vy = AE M + B (Eang -+ EgMs + g + rolts + BEs 4 188} -k amy + bny - ey = const
Vs=m2+n2+ 18+ 2By 119 =0 (1.3)

The Liapunov function V¥ 1s constructed in the form

V =1 V]_-—- 2Pz° V2 + (B P’;;oz _P_Efi) Vs = Aglz + Bgaz +" B§a2__ 2 }:?Agﬂh -
a B
2 2
—2%_’”0 BEgns — 2’_’;’69 BEgm, + (BfaT?“_ - f&’l) (M 4+ ng? -+ 1) (1.4)

According to Sylvester's criterion, the conditions for positive-definite-
ness of the function (1.4) are the inequalities

A>0, AB>0, AB*>0, (B~—-A)!%.§.‘?i——%>0

Pzt PniPn Pz3  PnlPn?
— [(B—A) ”a"é‘e"_—a‘]‘?i‘>°’ [(B—~A) _aT"""T]Ta">° (1.5)

The first three inequalities are always satisfied, while the sixth is a
consequence of the fourth and fifth, and the latter two may be written in.

t
he form (B— A) Prg —an>0, —an>0 *(1.6)

S8ince under the conditions (1.6) V 1s a sign-definite integral of the
perturbed motion, according to Liapunov's stability theorem, (1.7) will be
the sufficient conditions for the stability of permanent rotations of the
gyrostat with respect to the variables P, ¢, r, vi, Y2 &nd ya . If 4< B =0,
the first of the inequalities (1.6) will be a conseguence of the second, and
the sufficient conditlon for stability will be the inequality

—an>0 1.7

Since for the gilven gyrostatic moment the sign of n may always be chosen
opposite to the sign of ¢, then the permanent rotation of the gyrostat 1s
stable only for one semi-axis. If, however, the sign of the gyrostatic mo-
ment may be arbltrary chosen, then from {1.7) it is clear that stable per-
manent rotations about both semi-axes may be obtalned by choosing the sign
of a opposite to the signof n . If 4 > B = ¢ , the second of the in-
equalities (1.6) follows from the first, and the sufflelent condition for

stability is
v — an> (A — B) Pz (1.8)

If x,= 0, yg# 0O and z, #0 , then w = O , and the sufficient condition
for stable equilibrium is the inequality (1.7). Since in this case
n=-a Vyd+ 22 then from (1.7) we have

FaVyd+ 2t >0
This condition is satisfied only for the lower sign, i.e. the gyrostat

i1s in stable equilibrium if the center of gravity ¢ 1s below the fixed
point 0 of the gyrostat.
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2. Let the ellipsold of inertia be a sphere, i.e. 4 = F = £ . In this
case the equations of motion (1.1) are obviously very much simplified and,
as 1s well known [ 2], any straight lines in the plane

(bzp — eyg) & - (ezg — azy) B+ {aye — by Y =0 2.1

may serve as the permanent axes of rotation, where o, B and y are the
direction cosines of the semi~axls which may be used for the perraneas axis
of rotation when 1t is directed upwards. The angular velocity of rctation
i1s in this case

= PB%— T . p Y%~ 0Z _ p LYo — Bzy (2.2)
Be — 1b o — dc ab — Ba

We consider the particular solution of the system (1.é) for 4 =585 =20

= const, B =comst, 7 =const, py=i0, go=Pw, ro=10 (23
where g, B and y satisfy (2.1), while w 1is defined by (2.2). We take the

motion (2.3) as the.unperturbed motion and investigate its stability, as-
suming that

P=potiug=¢g+ti, r=rnt+tan=a+n =B+t =1+
in the perturbed motlon.
The first integrals of the equations of the perturbed motion are

Vi=4A (El2 -+ gzz + gsz) + 24 (Pogl + qO§2+ "o§3) + 2P (zonl “+ ym; -+ 307]3) = const
Vao=A G +EaMs + Ess + Pt + goMa + rofta + @By + BE2 + 180 +

-+ aty + bny + eng = const
Vs=m?+n2+n?+ 2@+ B+ ms) =0
We construct the Liapunov function in the form

V=V —20V,+ (do? 4+ PV V,; = (2.4)
= A2+ 8 + 3% — 2do G+ EaMa -+ Eang) + (4o ® + PR (m* + m*+ ngd)

where on the basis of (2.1) and (2.2) we take the constant A to be

4 = %Yo — bry __bzg— ¢y _, CTq— 83 @2.5)
ba — a3 B — by ay — ca

According to Sylvester's criterion, the condition of positive-definite-
ness of the function {2.4) is the inequality

A>0 (2.6)

When the condition (2.6) is fulfilled, the function (2.4) will be a sign-
definite integral of the eguations of the perturbed motion, and according
to Liapunov's theorem the unperturbed motlon will be stable with respect to
the parameters p, ¢, 7, Yi1s Yz 23nd vz .

The sufficient conditiorn (2.6) may be given the following geometrical
interpretation: The constant A , defined by (2.5), may also be found from
Equation

Mm xk=k x 0G

where the vector k(a,b,¢) 1is the gyrostatic moment, OG (%o, Yo, %) is the
radius vector of the center of gravity, and {2, B, T} is a unit vector along
the permanent axis. The inequality {2.6) shows that if the collinear vec-

tors
x X k, k x 0G 2.7
have the same direction, the motion is stable., A straight line passing

through the fixed polnt ¢ of the gyrostat parallel to the vector X divides
the plane (2.1) into half-planes. The vectors (2.7) nave the same directions
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if, of the two straight lines formlng the aXes of permanent rotation, that
line which lles 1n the half-plane not containing the center of gravity is
directed upwards.

if
Zq B = Yo - Za
+ Vzoz + v + 7, + onz + Yo + 2o, +Vad+yd <+ 2
we have w = O , and the gyrostat is in equilibrium. In that case
A=F onz ¥+ yo: + 2z
and the sufficient condition (2.6) for stable equilibrium is satisfied if

the center of gravity 1s vertically below the point of support of the gyro-
stat.
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